Abstract: Particle colliders for high energy physics have been in the forefront of scientific discoveries for more than half a century. The accelerator technology of the collider has progressed immensely, while the beam energy, luminosity, facility size and the cost have grown by several orders of magnitude. The method of colliding beams has not fully exhausted its potential but its pace of progress has greatly slowed down. In this paper we very briefly review the method and the history of colliders, discuss in detail the developments over the past two decades and the directions of the R&D toward near future colliders which are currently being explored. Finally, we make an attempt to look beyond the current horizon and outline the changes in the paradigm required for the next breakthroughs.
Chapter 1: Introduction, Colliders of Today
Particle accelerators have been widely used for physics research since the early 20 th century and have greatly progressed both scientifically and technologically since then.
To gain an insight into the physics of elementary particles, one accelerates them to very high kinetic energy, let them impact on other particles, and detect products of the reactions that transform the particles into other particles. It is estimated that in the post-1938 era, accelerator science has influenced almost 1/3 of physicists and physics studies and on average contributed to physics Nobel Prize-winning research every 2.9 years [1] . Colliding beam facilities which produce high-energy collisions (interactions) between particles of approximately oppositely directed beams did pave the way for progress since the 1960's.
The center of mass (CM) energy E cm for a head-on collision of two particles with masses m 1 ,  .
For many decades, the only arrangement of accelerator experiments was a fixed target setup where a beam of particles accelerated with a particle accelerator hit a stationary target set into the path of the beam. In this case, as follows from Eq. (1), for high energy accelerators E>> mc 2 , the CM energy is E cm (2Emc constructed at Stanford in the late 1980's. Detail discussions on the history of colliders can be found, e.g., in [5, 6] . (As this article is not intended to be a historical overview, the most recent relevant references will be provided.)
The energy of colliders has been increasing over the years as demonstrated in Fig.2 .
There, the triangles represent maximum CM energy and the start of operation for lepton (usually, e+e-) colliders and full circles are for hadron (protons, antiprotons, ions, proton-electron)
colliders. One can see that until the early 1990's, the CM energy on average increased by a factor of 10 every decade and, notably, the hadron colliders were 10-20 times more powerful. Since then, following the demands of high energy physics, the paths of the colliders diverged to reach record high energies in the particle reaction. The Large Hadron Colider (LHC) was built at CERN, while new e+e-colliders called "particle factories" were focused on detail exploration of phenomena at much lower energies. The exploration of rare particle physics events require appropriately high energy but also sufficiently high number of them. The event rate dN exp /dt in a collider is proportional to the interactions cross-section σ int and the factor of proportionality is called the luminosity:
If two bunches containing N 1 and N 2 particles collide with frequency f, the luminosity is:
where A is an effective overlap area of the beams. In the simplest case of two bunches with identical Gaussian transverse beam profiles characterized by rms widths of σ x and σ y , the overlap area is approximately equal to A=4πσ x σ y (we omit here any corrections due to non-uniform longitudinal profile of the luminous region.) The beam size can in turn be expressed in terms of the rms normalized transverse emittance  (which is an approximate adiabatic invariant of particle motion during acceleration) and the amplitude function β (which is a beam optics quantity determined by accelerator transverse, most often magnetic, focusing system):
=E/mc 2 is the relativistic Lorentz factor. So, the basic equation for the luminosity (3) can now be re-written in terms of emittances and the amplitude functions at the interaction point (which we denote by asterisks) as
Therefore to achieve high luminosity, one has to maximize population of bunches with as low as Figure 3: Peak luminosities of particle colliders.
Needless to say such great progress in both the energy and the luminosity of colliders has come from numerous advances in accelerator science and technology. The format of this article does not allow us to go through all the advances in detail -an interested reader can be referred for details to, e.g., a comprehensive handbook [6] -but it is worth at least a list major ones, as they will be relevant to our subsequent discussion on future colliders. References provided below will be given only to relatively recent development of the last two decades.
The maximum energy of circular colliders is determined by practical considerations, of which the first is the size of the facility. For a linear collider, beam energy is product of average accelerating gradient G and length of the linac l:
In (the only) linear collider SLC, the average gradient in a 3-km-long linac, which was powered at a frequency of 2.856 GHz ( RF =10.5cm RF wavelength in normal-conducting copper structures), did eventually reach some 21 MV/m. Notably, as the length of the linac did not change, the beam energy approximately tripled over 30 years of operation because of upgrades, such as quadrupling the number of RF power sources (pulsed klystrons), increasing the peak output power of the klystrons from 35 MW to 65 MW, and further increasing the power by compressing the length of the RF pulses.
In circular colliders, the maximum momentum and energy of ultra-relativistic particle is determined by the radius of the ring R and average magnetic field B of bending magnets:
Again, evolution of energy was driven by practical considerations: e.g., maximum field of normal conducting magnets of about 2T at some moment was not adequate for the energy demands because of required longer accelerator tunnels and increasing magnet power consumption. Development of superconducting (SC) magnets which employ high electric current carrying NbTi wires cooled by liquid Helium below 5K, opened the way to higher fields and record high energy hadron colliders [7] . The latest of them, 14 TeV c.m. LHC at CERN uses 8.3T double bore magnets in 4.25 km radius tunnel (26.7 km circumference). From the very beginning of the colliders, it was understood that their effective operation required stability of particle's motion in the rings. It is desired for particles to exhibit bound transverse oscillations in the fields of focusing magnets, e.g., as in the solution of Hill's equation
where the phase ψ(s) advances around the ring and determines so called tune, or the number of such betatron oscillations per turn: 
where R 0 is the reference radius, the pole number is 2(n+1) and b n (a n ) are the normal (skew) multipole coefficients, and b 0 is unity. Over the years, collider magnet builders have perfected the magnet designs to the level of few 10 -4 in the undesired multipoles -this was particularly challenging for SC magnets where such quality required very tight tolerances of less than a few dozen microns for the placements and position stability of the conductor coils under enormous magnetic forces [7] . Even more demanding were the field quality tolerances for the special, very strong magnets now routinely used in modern colliders to over-compress beams at the interaction points and arrange minimal possible beta-functions at the collision points  x,y * -per Eq. (5) such magnets have greatly helped to achieve higher luminosities.
Unfortunately, the growing demand for luminosity led to orders of magnitude stronger non-linearity due to the very nature of the colliders -namely, due to electric and magnetic forces of the opposite bunch at the interaction points. (3) and (5) compensation of the beam-beam effects using electron lenses [8] ; f) reduction of the strength of the beam-beam resonance in the "round beams" scheme with strongly coupled vertical and horizontal motion [9] and by g) using so called "crab-waist" collision method that beneficially modifies the geometry of the colliding bunch profiles only at the interaction points [10] .
Despite all the inventions, the beam-beam effects are still considered to be setting a not fully resolved limit on the performance of colliders.
There are two ways to achieve high luminosity within the beam-beam limit -either to increase the beam current I=e f N or to decrease the beam emittance . In addition to the synchrotron radiation power which grows linearly with I, the major limitations on the current come from so-called coherent beam instabilities and from the demands of the radiation protection from inevitable particle losses. The instabilities are caused by beam interaction with the electromagnetic fields induced by the beam itself in the vacuum cambers and RF cavities, or caused by unstable clouds of secondary particles, like electrons or ions, which are formed around the circulating beams [11, 12] . Beam-based transverse and longitudinal feedback systems and electron/ion clearing (either by weak magnetic or electric field or by modulation of the primary beam current profile make the secondaries unstable) are now in routine use to avoid the coherent instabilities. Incoherent particle losses may have a variety of causes: unstable single particle motion, diffusion due to scattering on residual vacuum molecules or on the other particles within the bunch, high-frequency noises in the guiding magnetic field or the EM fields of RF cavities, ground motion and man-made vibrations, etc. To avoid damage or excessive irradiation of the accelerator components so they can be accessed and maintained if necessary in the tunnel, sophisticated collimation systems are utilized which usually employ a series of targets (which scatter the halo particles) and absorbers (which intercept the particles in dedicated locations) [13] , or use more sophisticated techniques like collimation by bent crystals [14] or by hollow electron beams [15] .
As for the quest for smaller beam emittances (phase space area) the paths of the lepton and hadron colliders were different. In the electron machines where any transverse errors are naturally damped by the synchrotron radiation, the emittance is determined by quantum fluctuations of the radiation which excite mostly horizontal oscillations -therefore, the challenge is to design focusing beam optics to minimize the effect in the horizontal plane, and avoid its coupling to the vertical plane, ideally below 1% [16] . Hadron collides cannot enjoy fast damping due to the synchrotron radiation, at least for energies less than 10 TeV, so for them the only ways to progress for were either generate low-emittance (high brightness) beams in the sources or arrange beam "cooling" (phase space reduction, usually at the low or medium energy accelerators in the injector chain), using either "stochastic cooling" or "electron cooling" methods, and the latter has been recently exemplified in the relativistic regime [17] .
Operation of the colliders with progressively smaller and smaller beams brought up many issues relevant to alignment of magnets, vibrations and long-term tunnel stability [18] . Radiation backgrounds in high-energy physics detectors necessitated careful design of the acceleratordetector interface in high luminosity colliders. High energy physics demands for polarized beam collisions and very precise c.m. energy calibration of about (δE/E)~10 -5 have been largely satisfied by, correspondingly, the development of polarized particle sources married with sophisticated methods to maintain beam polarization along the acceleration chain [19] and by novel method of "resonant depolarization" [20, 16] . 
Higgs Factory ? Total 9 (7) 5 (9) 1 + ?
To conclude this chapter, we may say that colliders have had 50 glorious past years as not only many important particle discoveries were made at them, but they also initiated a wide range of innovation in accelerator physics and technology which resulted in 100-fold increase in energy (for each hadron and lepton colliding facilities) and 10 4 -10 6 fold increase of the luminosity. At the same time, it is obvious that the progress in the maximum c.m. energy has drastically slowed down since the early 1990's (and lepton colliders even went backwards in energy) -see Fig.2 . Moreover, the number of the facilities in operation has dropped from 9 to 5, as indicated in Table 1 
Chapter 2: Next 20 Years: Physics, Technologies and Machines
The future of the collider is ultimately driven by the demands of particle physics, but should stay within the limits of the available technologies and financial resources. All the projects currently under construction or at the design stage (see Table 1 Low-energy hadron collisions: investigation of the mixed phase of quark-gluon matter and polarization phenomena at relatively low hadron energies has recently become of significant interest for the high energy physics community, and it is the main goal of the Nuclotron-based Ion Collider fAcility (NICA) currently under construction at JINR (Dubna, Russia) [24] . NICA will allow for the study of ion-ion (Au +79 ) and ion-proton collisions in the energy range of 1-4.5
GeV/amu with average luminosity of 10 27 cm −2 s −1 and also polarized proton-proton (5-12.6
GeV) and deuteron-deuteron (2-5.8 GeV/amu) collisions -in that regime luminosities up to accelerator for another species is taken in two collider projects in the US -eRHIC at BNL [26] and Electron-Ion Collider (ELIC) at JLab [27] . energy spread δE cm /E cm~ 0.01-0.003% (compared to ~0.2% for the e+e-factories) that allows much better study of the outstandingly narrow width Higgs particle decays [34] . Production of ~4,000 events per year will require luminosity of at least 10 31 cm −2 s −1 which seems to be very challenging because of the short muon lifetime and difficulties of the muon production (see discussion on high energy muon colliders below).
Energy Frontier Lepton Collider:
It is presently widely believed that a multi-TeV lepton collider will be needed to follow the LHC discoveries. The physics program that could be pursued by a new lepton collider with sufficient luminosity, would include understanding the mechanism behind mass generation and electroweak symmetry breaking; searching for, and possibly discovering, super-symmetric particles; and hunting for signs of extra space-time dimensions and quantum gravity. By the beginning of the 2020's, the results obtained from the LHC will be expected to more precisely establish the desired lepton collider energy. The most viable options currently under consideration are e+e− linear colliders ILC (International Linear Collider) [35] and CLIC (Compact Linear Collider) [36] or μ+μ− Muon Collider [37] . Each of these options has its own advantages, challenges and issues [38, 36] . 
and reach several % or even 10% -see Table 2 . -collider [38] can be circular and therefore have a compact geometry that will fit on existing accelerator sites (see Fig.5 for a possible schematic of a MC facility on the 6×7 km FNAL site ). The collider has a potentially higher energy reach than linear e+e-colliders, its c.m. energy spread in a 1.5-4
TeV  +  -collider can be as small as 0.1%, requires less AC power and operates with significantly smaller number of elements requiring high reliability and individual control for effective operation -see Table 2 . Additional attraction of a Muon Collider(MC) is its possible synergy with the Neutrino Factory concept [39] as beam generation and injection complex of that facility and of a MC are similar (perhaps identical) [40] . As mentioned above, due to higher mass of the muon and superb energy resolution, a Higgs factory based on low(er) energy  +  -collisions is very attractive, too.
The biggest challenges of a MC come from the very short lifetime of the muon - 0 =2s
is just long enough to allow acceleration to high energy before the muon decays into an electron, a muon-type neutrino and an electron-type antineutrino ( 
Chapter 3: Beyond 2030's: New Mrethods and Paradigm Shift
Our forecast on the future of colliders beyond the 2030's will require several assumptions: on the available resources, on the desired science reach, and on the possible ways to the goal. Let us start with the money.
As of today, the world's particle physics research budget is some 3B$. That is about 1.2%
of the world's total spending on basic science research (about 250B$). For comparison, global R&D funding of some 1,400B$ is about 2% of the world's GDP of ~70,000B$ (all numbers from
[41]). We argue that the era of the exponential expansion for most out of ~200 sciences, see, e.g.
[42] is gone, and for the particle physics, the new era of much more modest growth or even slow down of the financial support began in the 1990's -as one can also conclude from From what we know now, the Category I and II colliders can be built by one country, with relatively modest international contribution; Category III -requires significant cooperation at least within one of the big regions (Europe, Asia, America); Category IV machines will arguably need close cooperation of two or all three regions; while the Category V colliders must be truly international. Following our basic assumption (that the particle physics budget will not grow much beyond ~3B$ in current prices), it is hard to imagine that any of the projects in Category V are possible, as none of the possible scenarios -"do nothing but construction for 3-10 years" or "carve some 1/3 of the budget for construction and finish it in 10-30 years", or doing that at even slower pace -none of these seem realistic, especially for the energy reach being only comparable to the LHC. Category III machines appear totally feasible financially, but they only add to exploration of the phenomena discovered by the LHC, thus, there always will be an alternative "why don't we just run LHC longer?" Finally, we are left with Category IV colliders which appear to be on the border of financial affordability. There is a problem, though, with them - Further increase of the gradient to ~1-3 GV/m is thought to be possible in m scale dielectric structures driven by lasers operating in optical or near-infrared regime [45] . In various options either external fiber lasers are coupled to the structures or semiconductor lasers can be integrated on the same slab right next to the microcells they power. Advantage of such an approach is that laser power sources can operate at very high repetition rates of ~10-100 MHz, that helps to get higher luminosity -see again Eq. (5) -but again, a 10 TeV c.m. energy collider will require ~12 km of the total linac length [46] . To be of note that staging of sequential accelerating modules made of smaller size structures (microns vs millimeters) will require proportionally tighter synchronization, alignment and mechanical stability tolerances to keep beam trajectories and emittances under control.
Acceleration in plasma:
In the past decade plasma-wakefield acceleration (PWA) methods has become of great interest because of the promise to sustain extremely large acceleration gradients.
Electric fields due to charge separation in dense plasma are of the order of
where [51] . X-ray lasers can efficiently excite solid plasma and accelerate particles inside a crystal channel waveguide, though ultimate acceleration gradients ~10TeV/m might require relativistic intensities, exceeding those conceivable for x-rays as of today [52] . Moreover, only disposable crystal accelerators, e.g., in the form of fibers or films, are possible at such high externally excited fields which would exceed the ionization thresholds and destroy the periodic atomic structure of the crystal (so acceleration will take place only in a short time before full dissociation of the lattice). For the laser and plasma fields of about 1 GV/cm=0.1 TV/m or less, reusable crystal accelerators can probably be built which can survive multiple pulses [53] . Side injection of powerful x-ray pulses into continuous fiber of 0. 
~1
It is to be noted that due to the imposed facility footprint limit, limited bending fields available and troubles with synchrotron radiation losses, the circular colliders do not seem conceivable for ultra-high c.m. energies ~10-100 times the LHC and one with necessity comes to a linear configuration -as in Fig.1c . Out of the purely energy gain arguments, heavier particles are preferred in all novel acceleration methods because they radiate less -once again, we refer to the synchrotron radiation energy loss formula Eq.(8) -and one might argue that acceleration of electrons and positrons beyond ~1-3 TeV is impractical. Also, even at that energy, the c.m.
energy spread due to beamstrahlung of electrons at the interaction point Eq.(13) becomes prohibitively large at any other practical beam parameters and special measures will need to be taken, e.g., conversion of electrons and positrons in high energy γ-quanta and γ-γ collisions [54] .
Out of the remaining options of heavier particles, protons seems to be the only choice for c.m. 
is very close to 1 as soon as the exponent κ=(m  c/τ 0 G)<<1/ln(E/m  c 2 ) or, conversely, the average accelerating gradient G>>3 MeV/m -the condition that easily holds for any scheme considered above (see Table 3 ). Note that at G>>0.3 TeV/m, one can think of accelerating tau leptons, though production of needed quantities of τ particles is questionable.
Following Ref. [53] , let us explore possible luminosity reach of ultimate energy colliders with E cm >100 TeV, Given that acceleration of heavy particles in solid media/crystals is the technology of choice, it seems to be reasonable to limit the minimal overlap area of the colliding beams to the crystal lattice cell size A~1 Å 2 =10 -16 cm -2 and to assume that the crystals of each collider arm will be aligned channel to channel. The other factor in the luminosity formula (3) Hz can be very costly as the total beam power P= fn ch ·NE will exceed 16 MW per beam which we consider a practical limit from our collider cost considerations (see above). It might be beneficial instead to attempt to combine (focus) all the channeling beams into one using some kind of crystal funnel and, thus, gain a factor of n ch in the luminosity. Overall, in the power- The performance of the ultimate energy colliders can not increase with energy -either it is independent of it (if total beam power is small) or falls as ~1/E 2 . This fact, if not overturned by some future invention, indicates the need of the paradigm shift in the high energy particle physics because so far the performance goals of new energy frontier facilities scaled L~E 2 , reflecting the fact that many important cross sections fall as σ int ~ 1/E 2 cm . Seemingly, the physics reach of colliders of the future will be limited to either resonances (phenomena with unusually high production rates at certain energies, indicating new particles) or other high cross-section reactions. Still, even scaling as in Eq. (16) 
Conclusions:
The colliding beam method was a smashing success so far -almost 3 dozens colliders have been built over the past half-century and c.m. energies of about 10 TeV have been achieved. At the same time, the pace of the energy progress has greatly slowed down due to increasing size, complexity and cost of the facilities, and as the result, the number of colliders currently in operation is about half of what we had 20 years ago. The prospects of facilities for the next 20 years are not very clear today, they will be dependent on the discoveries at the current machines, foremost, at the LHC.
It seems that economic realities will impose severe constrains for any far-future collider beyond 2030 to be built under about 10B$ at current price, within footprint of some 10 km, and with total electric power consumption of 10's to 100MW. As discussed in the previous chapter, there are possibilities which even currently conceivable methods can offer to reach ultra high energies on the order of 100-1000 TeV within the abovementioned limits. The quest for the energy will come at the price of the expected luminosities and will require at least three paradigm shifts : 1) development of the new technology based on ultrahigh acceleration gradients ~0.1-10 TeV/m in crystals; 2) acceleration of heavier particles, preferably, muons; and 3) new approaches to physics research with luminosity limited to ~10 30-32 cm -2 s -1 .
As any other shift in the mainstream accelerator technology, the required switch to acceleration of muons in linear crystal structures will take a decade or two for an R&D program to address several key issues: a) development of economical high-intensity coherent X-ray sources, e.g., based on table-top ~GeV scale electron accelerators [55, 56] ; b) understanding the most effective mechanisms of coupling the X-ray power to the excitation of the lattice -that can probably be studied even at the existing high power coherent X-ray sources, like LCLS in the US or Spring-8 in Japan; c) efficient production, injection and manipulation of nm-size muon beams (this program can effectively gain momentum out of the current research toward a muon collider); d) methods of combination of multiple crystal channeling beams into one (experiments at existing high energy proton machines might provide an important input there). As in the past, as soon as the main technology issues are address, a great boost to the new development can be given by a test facility where the new acceleration methods are used for exploration of interesting "low-energy" physics -e.g., a "table-top" factory of , ψ, τ or even Z, W or Higgs particles with decent luminosity and relatively low cost. 
